The main aim of this research was to test if fractional-order differential equation models could give better fits than integer-order models to continuous glucose monitoring (CGM) data from subjects with type 1 diabetes. In this research, real continuous glucose monitoring (CGM) data was analyzed by three mathematical models, namely, a deterministic first-order differential equation model, a stochastic first-order differential equation model with Brownian motion, and a deterministic fractional-order model. CGM data was analyzed to find optimal values of parameters by using ordinary least squares fitting or maximum likelihood estimation using a kernel-density approximation. Matlab and R programs have been developed for each model to find optimal values of the parameters to fit observed data and to test the usefulness of each model. The fractional-order model giving the best fit has been estimated for each subject. Although our results show that fractional-order models can give better fits to the data than integer-order models in some cases, it is clear that the models need further improvement before they can give satisfactory fits.
Introduction
Insulin and glucagon are hormones that are produced in the pancreas and which control the level of glucose in the blood (see, e.g., [-] ). If blood glucose is high, the pancreas secretes insulin into the bloodstream to decrease glucose level. If blood glucose is low, glucagon stimulates breakdown of glycogen and synthesis of glucose from circulating precursors to increase glucose level. A model of the insulin-glucose system is shown in Figure  .
Diabetes Mellitus, or diabetes, is a disease which occurs when there is a malfunction in the insulin-glucose system.
There are two main types of diabetes [] , type  and type . Type  is sometimes known as insulin-dependent diabetes. In this type, the pancreas does not produce insulin. It is thought to be an auto-immune disease in which the immune system attacks the cells of the pancreas. Patients will need to take insulin injections throughout their life to control blood glucose level.
Type  is sometimes called non-insulin-dependent or adult-onset diabetes. In this type, the pancreas either produces insufficient insulin with respect to the heightened demands of relatively insulin-resistant peripheral tissues or the cells of the body do not react to insulin. This type normally occurs in older people and is more common in people who are overweight and physically inactive.
In this paper, we concentrate on type  diabetes. People with type  diabetes can wear a continuous glucose monitor (CGM) [] as shown in Figure  to help them control their glucose level. However, it is also recommended that they check the accuracy of the CGM measurements with a finger-stick test (see, e.g., []). A CGM [] is a device that measures blood glucose levels every  minutes. The glucose sensor has a tiny needle to measure glucose levels in tissue fluid, and the information is then sent to the monitoring device. If glucose levels are abnormal, it will give an alarm to the wearer. The CGM can also be combined with an insulin pump that will inject insulin if the glucose levels become too high. An example of observed CGM data for a subject with type  diabetes is shown in Figure  .
A survey of the successes, challenges and opportunities of CGM has recently been given by Rodbard [, ] (see also Khatri [] ). Among the problems mentioned by Rodbard for CGM are the errors in CGM measurements of approximately ±% and day-to-day variability in glycemic patterns of individuals. As a result of these types of problems, mathematical modeling of CGM data has proved to be very difficult. As far as the present authors are aware, there have been no satisfactory mathematical models of the changes in glucose level of people with type  diabetes, and there have been no previous attempts to develop fractional-order models.
In this paper, we consider observed CGM data for six subjects and analyze the data with three different mathematical models using R and Matlab programs to find optimal values of the model parameters to fit the observed data. The three models are: () a deterministic first-order differential equation model, () a stochastic first-order differential equation model, and () a fractional-order deterministic differential equation model. For these three models, we show that best fits are obtained from a fractional-order model with fractional orders in the range . to ..
First-order differential equation models

Deterministic model
For the purpose of this model, we consider that insulinemia (insulin in the blood) is constant.
where G(t) (mM) is a state variable of glucose concentration in the blood at time t, k XG (min - ) is a constant rate of glucose elimination from the blood into the external environment, represented by X. k GX (mM/min) is a constant rate of glucose entering the blood from the external environment. G b is basal glycemia (resting glycemia). The solution of equation () is as follows: 
Stochastic model
We can also modify model () by introducing a stochastic component with fixed volatility σ G , representing on the one hand variable food intake, and on the other, variable glucose consumption due to activity, like exercise etc. We consider a Wiener process (Brownian motion) for the stochastic term.
where the parameter estimation is for
represents the differential of a scaled Wiener process (see, e.g., [] ). The model can be integrated by the Euler-Maruyama method []: let {t  , t  , . . . , t n } be a sequence of times at which the numerically integrated solution is desired, then
where N (μ, σ  ) is the normal distribution with mean μ and standard deviation σ .
Parameter estimation can be carried out either by ordinary least squares or by Markovian maximum likelihood (MLE) [] approximated by kernel density estimation (KDE) [] , maximizing with respect to the following quantity:
and wherê
as given in equation (). Notice that to every realization j of z j i , there corresponds a differentĜ j i , j = , , . . . , n.
Results of fitting first-order models
We have written R programs to test the first-order deterministic and stochastic models. We have found the following: 
.. First-order stochastic model
. For numerical stability, numerical solution using the Euler-Maruyama method requires a step size that is much smaller than the time ( minutes) between measurements in the CGM data. . The choice of step size in the Brownian motion term causes problems. If the step size between CGM measurements ( minutes) is used in the Euler-Maruyama method, the solution is unstable. If the step size for stability of the Euler-Maruyama method is used, then the Brownian motion term is very small. . The fit using the KDE approximation method gives very small values for the variation parameter σ G and fits close to the deterministic model. . The first-order models do not give a good fit to the CGM data. However, they have been useful for developing R-programs and testing some of the algorithms to be used in the stochastic fractional differential equation models.
Fractional differential equation models
Because the first-order models do not fit the data, we look at higher-order models. To obtain the observed periodic behavior, our aim is to consider, in general, both deterministic and stochastic models with fractional orders in the range from approximately . to , with the fractional order chosen by fitting the CGM data. However, in this paper we will describe and give detailed results only for the deterministic fractional-order model.
Deterministic model
For α ∈ R, we consider the deterministic fractional differential equation with the Caputo fractional derivative [, ],
with the initial conditions
G is a Caputo fractional derivative of order α, α is the maximum integer less than or equal to α, and G (k) indicates the kth time derivative of G(t), k ∈ N, i.e.,
To obtain an interpretation of the Caputo differential equation that can be used to compute solutions and in order to prove that the stated initial conditions are correct, it is necessary to convert the differential equation ( 
where (α) is the gamma function of order α. In our calculations, we have considered values of the fractional order α in the range  < α ≤ . For  < α ≤ , the initial conditions required to uniquely specify the solution are the initial glucose level G
 and the initial value of the first derivative G () (). For  < α ≤ , the initial value of the second derivative
is also required to uniquely specify the solution.
Numerical solution of deterministic model
In general, it is necessary to use numerical methods to solve equation (). We use the one-step Adams-Moulton predictor-corrector method (see, e.g., [-]) for numerical integration of (). Let t  , t  , . . . , t N be an equispaced partition of the desired time interval, (
, then define the coefficients for the predictor method as
and the coefficients for the corrector method as
Note: The predictor coefficients are obtained by approximating the integral in () over time step [t j , t j+ ] by
The corrector coefficients are obtained by using the approximation
Using the predictor coefficients in (), we obtain the predictor formula
with G(t j ) the numerically computed value of G at a previous time point t j . Using the corrector coefficients in (), we obtain the corrector formula with the initial guess from the predictor formula of G(t n+ ) = G P (t n+ ) in the form
We used least squares to find the best fits for a range of values of the fractional order α in the range . 
Discussion
The first-order deterministic and Brownian motion models do not fit the CGM data. Although the deterministic higher-order integer and fractional-order models give much better fits to the observed data than the first-order models, they also do not give satisfactory fits. One reason is that the deterministic solutions give medium-term averages for the data and cannot match the short-term spikes and falls in the measured data. For physiologic plausibility, the rate of movement of glucose from the blood into the environment should be in the range . to . min - . In the deterministic models, the parameter k XG is associated with movement from the blood into the environment. As an approximation, time scales for the fractional-order equations suggest that the conversion from the model variable t to real time can be modeled by using (k XG ) /α as a rate of move- ment of glucose from the blood giving values in the range . to . min - which appear reasonable. In order to model effects such as eating a meal or physical activity, which can occur at random times, we will introduce stochastic terms into the model. From preliminary calculations with first-order and fractional-order stochastic fits, we find that if a Wiener (Brownian motion) term is used for the stochastic term, then the KDE approximation method gives variances σ G that are very small and fits that are close to the deterministic model fits.
If, after further investigation, we find that Wiener processes are not satisfactory, we might consider Lévy jump processes (see, e.g., [] ) because these processes are designed to model larger external shocks than Wiener processes. The model we have considered in this paper does not include deterministic changes in glucose levels resulting from eating a meal or exercise or from a large injection of insulin. Inclusion of these changes should greatly improve future models.
